Abstract. The theory of the representation of wave fields in terms of superpositions of monochromatic plane waves is presented for fields satisfying the inhomogeneous scalar wave equation. The discussion includes expansions of the type originally used by E. T. Whittaker involving only homogeneous plane waves, and of the type introduced by H. Weyl involving both homogeneous and inhomogeneous plane waves. Expressions for the plane-wave amplitudes for both types ofrepresentations are obtained in terms of the source function, and precise conditions under which each expansion is valid are given. It is shown that when both types of expansions are valid, the superposition of inhomogeneous plane waves in the Weyl-type representation is equal to the superposition of the homogeneous plane waves that propagate into a specific half-space in the Whittaker-type representation. It is shown also that in restricted space-time regions only a certain subset of the plane waves in the Whittaker-type expansion contribute to the field. This result leads to a simple expression for the field valid at large distances from the source.
ence is concerned with the extent of applicability of the representation. Fourier integrals can be used to represent arbitrary, ,square-integrable functions. The class of functions that can be represented by an expansion of plane waves with fixed speed is much more restrictive;its full extent is not yet known.
In 1902, Whittaker [29] showed that a function that satisfies the homogeneous wave equation with wave speed c in a space-time region D, can be represented in D by a three-fold integral of plane waves of the form F(oa/c, e, fl)exp [i(o/c)(sin e cos flx + sin e sin fly + cos e z ct)] if the function can be expanded in a fourdimensional Taylor series convergent in D. The variables of integration vary over the domain -oo < o < oo, 0 =< e N n, -n __< fl N n. Whittaker's result is of limited applicability, however, because it does not provide a method for determining the plane-wave amplitude F(o/c, e, fl). Moreover, the condition that the function have a convergent Taylor series in D is highly restrictive and eliminates many wave fields and domains ofinterest [20, 93] . For example, a monochromatic spherical wave satisfies the homogeneous wave equation in any half-space that does not contain the center of the wave, but it cannot be expanded for all time throughout such a half-space in Whittaker's form.
In 1919, Weyl [28] showed that a monochromatic spherical wave can be represented for all time throughout any half-space (with plane boundary) not containing the wave center by an expansion identical in form to the expansions of Whittaker but with a different domain of integration. In Weyl's expansion, the integration is over a complex contour that runs along a portion of the real axis and into the lower half of the complex a-plane. Although the exponential function exp [i(co/c)(sin e cos flx + sin e sin fly + cos e z ct)] still satisfied the homogeneous wave equation when e is complex, it is no longer constant on plane surfaces. Nevertheless, it has become customary to consider such waves as plane waves since their phase and amplitude are each constant on different plane surfaces. They are known as inhomogeneous plane waves while plane waves whose amplitude and phase are both constant on the same plane surfaces are called homogeneous plane waves. Hence, the spherical wave is expanded as a superposition of homogeneous and inhomogeneous plane waves. Expansiqns of the Weyl-type are often called angular spectrum expansions and have been used extensively in antenna theory (cf, [2] , [12] , [21] , [30] ), and in rigorous diffraction theory [3, In this paper, we investigate these questions for wave fields radiated by sources confined to a finite space-time domain. In 2, we employ the four-dimensional Fourier integral representation of the wave field to obtain two different threedimensional integral representations. One is in the form of a plane-wave expansion with a plane-wave amplitude that varies with time. The second is in the form of a plane-wave expansion with a plane-wave amplitude that varies with position. In 3,
we-show that the first of these reduces to a Whittaker-type expansion valid over all space for times after the source has ceased to radiate the second expansion.reduces to a Weyl- 
The 09 integration contour used in (2.6) and (2.7) is a straight line a distance e > 0 above the real og-axis.
The existence of such a solution will shortly be demonstrated. Its uniqueness then follows from the observation that if more than one solution existed, the difference between any two of these solutions would, of necessity, be continuous with continuous first partial derivatives and satisfy the homogeneous wave equation and homogeneous initial conditions. Such a field must be zero because of Hoimgren's theorem [11, 18] . The condition that p(r, t) and its first partial derivatives be continuous guarantees that the solution (2.5) and its first partial derivatives are continuous [14] . 4 The representation (2. [29] . We find that 
For later convenience, we transform (2.17) so that the co contour of integration runs from 0 + ie to + ie. Since p(r, t) is real, the Fourier amplitudes obey the (2.14) , and where C/ and C_ are the contours ore integration shown in Fig. 1 . As in the case of (2.13), the form (2.24) is convenient for many applications because the frequency co and the directions of propagation s are the variables of integration. These forms of the two plane-wave expansions also have the advantage of being very similar in structure.
3. Plane-wave expansions with amplitudes independent of space and time. 9 As mentioned in the Introduction, it is desirable in many problems of physical interest to be able to represent the field V(r, t) in the form of a plane-wave expansion with a plane-wave amplitude which is independent of the observation point r, t. By restricting the observation point to lie in certain (semi-infinite) regions, we show below that the plane-wave expansions obtained in the previous section are of this type. In particular, the plane-wave expansion (2.12) (or, equivalently (2.13)) becomes a Whittaker-type expansion if the observation time exceeds the time T at which the source ceases to radiate, while (2.20) ( [7] .
A preliminary account of the results obtained in this section are given in [23] . 4. Whittaker-type expansions valid while the source radiates. The Whittakertype expansion obtained in the previous section is valid everywhere but only for times after which the source has ceased to radiate. This is too restrictive for some applications; consequently, we now turn our attention to the problem of representing the field in a Whittaker-type expansion valid even while the source radiates.
As mentioned in the Introduction, Whittaker [29] showed that fields which satisfy the homogeneous wave equation and are expandable in a Taylor series in some space-time region do, in principle, admit such an expansion in this region. Unfortunately, the fields with which we are dealing, are not, in general, analytic and, consequently, need not admit Taylor series expansions in domains of interest. Furthermore, even for fields that are analytic, the problem of determining the planewave amplitude in terms of the source of the field remains. In this section, we extend Whittaker's theorem so as to be applicable to fields radiated by sources (i.e., to the solution to the radiation problem), and derive an expression for the plane-wave amplitude in terms of the source p(r, t). where the function f(r', t') is defined as (4.4a) f(r', t') p(r', t') if 0 =< t' =< to, (4.4b) f(r', t') 0 otherwise.
The fact that p(r', t') and f(r', t') produce the same field at observation points that lie in the region defined in (4.2) is a consequence of the finite velocity of propagation of the wave fields.
We now note that if (ct + R)/r <= 1, and is zero otherwise. The angle 05 is greater than zero only if r > ct + R, which is the condition that guarantees that the field radiated by the source has not had time to reach r. Consequently, the inequality ; _>_ b does not reduce the ,/ domain of integration except in the physically uninteresting case of a vanishing field at the observation point r, t. We thus redefine f2(r, t) to be the ,/3 domain in which 0 _<_ Z <-t/J, with defined in (5.6). Since represents the angles which the propagation vectors s make with the vector r, we see that f(r, t) includes only those propagation directions which lie within the cone with axis r and halfcone angle .
The domain f2(r, t) is generally smaller than the full 4t steradian integration domain required in (5.1). To see this, consider first the case when to < T. (6. 3) for all times after the source ceases to radiate. The amplitude is determined by the behavior of the source throughout its period of oscillation. It is possible to determine A(k) without a knowledge of p(r, t), however, if we know V(r, t) and the time derivative of V(r, t) for all space at some time which exceeds the time at which the source ceases to radiate. To that end, we note that (6.3) can be written as follows:
The right-hand side of (6.4) is a spatial Fourier transform. Hence, the quantity in the square bracket can be determined by taking the spatial Fourier transform of V(r,t). Differentiation of (6.4) Some of the plane waves in the Whittaker-type expansion need not be included in the representation of a field at a fixed space-time point r, because they superimpose to give zero. In particular, when we add together all of the waves that travel in a fixed direction s, the result is zero unless s lies within a certain solid angle f(r, t). As a result, (6.3) 
